Abstract. In this paper, we present astrometric results derived from reduction of 65 lightcurves made in 1995-1996 during the PHESAT95 campaign of observation of Saturnian satellites mutual events. These results have an accuracy of about 20-30 mas and are compared to those obtained by Emelianov et al. (1997) for the 3 events observed in Crimea and Kazakhstan. We also discuss the reliability of the method used for reducing the lightcurves from the mutual events of 1980.
Introduction
Since the 1970s the IMCCE has carried out systematic campaigns of observations of mutual events of Jovian and Saturnian satellites. In the case of Saturnian satellites, mutual events are visible about every 15 years, when the Earth and the Sun cross the rings' plane. This was the case in 1995, so mutual events were observed during this period as predicted by Arlot & Thuillot (1993) and observations were published by Thuillot et al. (2001) under the name PHESAT95. The PHESAT95 campaign consists of 65 lightcurves obtained by an international network of 16 observation sites involving satellites S-1 Mimas, S-2 Enceladus, S-3 Tethys, S-4 Dione, S-5 Rhea and S-6 Titan. This paper aims to give astrometrical coordinates obtained after reduction of these lightcurves and to compare our method with others used before, to discuss the reliability of these works. The astrometric reduction of these lightcurves could be useful in improving the TASS1.6 theory (Vienne & Duriez 1995) and in the interpretation of the observations that will be made by the CASSINI space probe in the Saturnian system.
The theoretical lightcurves

Modeling a mutual event
It is necessary to model the mutual events before reducing their lightcurves. Let us first describe an occultation.
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Modeling an occultation
An occultation between two solar system bodies consists of one of these bodies being at least partially hidden by the other one, in such a way that the observer cannot see two disks separately, since he is nearly aligned with the centres of the two satellites involved. Before and after the event, the observer detects the solar light reflected by the two satellites, whereas during the event the light reflected by the further satellite is partially hidden by the other one. Consequently, the observer registers a light flux drop.
Since modeling an occultation requires one to predict it, we used TASS1.6 (Vienne & Duriez 1995) for the satellites and SLP96 (using Chebychev's coefficients deduced from the VSOP87 theory, Bretagnon & Francou 1988) after correcting light travel time. The light-time correction consists of two iterations, the first one evaluating the light-time between Saturn and the observer at the observation date, the second one evaluating the light time between the observer and the centre of each satellite (observation time -first light time calculated), taking account of the light travel time between the two satellites. We took into account the refraction and the annual aberration too, these effects altering the results by less than 1 mas.
In order to determine the light flux detected by the observer, we considered each satellite as a sphere composed of multiples facettes (at least 10 000 to see reliable theoretical lightcurves, in fact more than 60 000 were required to have an "acceptable" convergence efficiency when fitting the model to the observed lightcurve). On each sphere we have associated a reference frame (x, y, z) centered on the centre of the satellite whose x-axis pointed to the observer, the (x, z) plane being Buratti & Veverka (1984) and Devyatkin & Miroshnichenko (2001) . defined by the directions satellite-observer (x) and satellitesun, while y completed the direct trihedron. Then, we used two angles, λ and φ, λ varying between −90
• and 90
• − α where α is the phase angle, and φ varying between −90
• (see Fig. 1 ).
This representation of a satellite is useful to apply a light scattering law. The most used laws are the Lambert law for a body with an atmosphere and the Minnaert and Hapke laws for other bodies, but these last two laws depend on photometric parameters that are not well determined for Saturnian satellites. We finally decided to use the Lambert law for Titan, because this body has an atmosphere and its geometrical albedo is well known (see Neff et al. 1984 for its values depending on the wavelength). A law issued from the Lommel-Seeliger law was used by Devyatkin & Miroshnichenko (2001) for the five other satellites using numerical parameters published by Buratti & Veverka (1984) (see Table 1 for the numerical values; we used respectively 196.2, 247.3, 528.2, 560, 764 and 2575 km for the radii). The mathematical formulae we used are
for the first five satellites and
for Titan (isotropic scattering) where:
The total light flux is thus deduced after numerical quadrature (see Descamps 1992 for further details).
Modeling an eclipse
An eclipse corresponds to a near alignment between the Sun and two Saturnian satellites, one of them eclipsing the other one. It may be seen from the second satellite as an occultation of the Sun by the first one. Its representation is nearly the same as for an occultation. The main difference between the observation of the two kinds of event is the penumbra zone, where the solar light is only partially hidden (see Fig. 2 ). For modeling the light intensity in the penumbra zone, we took the Sun's limb darkening into account. We modeled the Sun's light flux by using the following law (Hestroffer & Magnan 1998) :
where:
λ wavelength in µm µ = √ 1 − r 2 r distance to the Sun's centre, R = 1 and thus calculated the solar flux i received by each point of the eclipsed satellite in the penumbra zone, that is required to integrate Eq. (3) over the solar disk. For this purpose, we obtained the following formula, inspired by Aksnes' calculation (Aksnes & Franklin 1976 ) but with another formula for the Sun's limb darkening (r being now in AU):
R distance between the 2nd satellite and the centre of the penumbra's zone R is the Sun's radius seen from the 2nd satellite, as if the Sun and the 1st satellite were at the same distance, and Ψ is defined by:
where
Another difference between an eclipse and an occultation is that the light loss is not due to light reflected by the second satellite not seen by the observer, but to light not reflected by the second satellite. This is why when we calculate the light travel time, we have to consider where the first satellite was when it blocked solar light during its travel to the second satellite, whereas for an occultation we had to consider the time when the first satellite reflected solar light (see Fig. 3 ). More precisely, the light time correction for the first satellite is t d 2 + t ∆ in the case of an eclipse whereas it is t d 1 (≈t d 2 − t ∆ ) in the case of an occultation (Arlot 1985) . The difference between both light times is usually between one and three seconds. For most of the eclipses, the eclipsing satellite is involved in the photometric measurement, which has required to calculate t d 1 too. The next step of the modelization is not very different from the calculus made in the case of an occultation, Eq. (4) being used in Eqs. (1) and (2) for the numerical quadrature over the eclipsed satellite. Figure 4 shows a mutual event represented by the method described above. The x-axis indicates the decimal hour and the y-axis indicates the normalized flux (flux = 1 means that the two satellites are theoretically completely visible separately). As a comparison we give the measures made during this event converted into relative flux (see Fig. 5 ), to check that our model gives something "reliable", at least by its shape. Two quantities derived from the lightcurve are to be noticed: the midlight time and the flux drop. The midlight time is the time when the satellites' magnitude is the least, whereas the flux drop corresponds to the least visible light flux; it is the flux corresponding to the midlight time. It seems clear that the midlight time corresponds to the time when the two satellites are closest on the celestial sphere (we call it midtime), in fact these two times are separated by a few seconds because of light scattering by the surface of atmosphereless satellites and the phase effect (see for example Aksnes 1986 ). The light flux drop can be directly linked to what we call the impact parameter, which is the distance between the centre of the first satellite (that nearer the observer) and the line joining the observer to the centre of the second satellite (in the case of an eclipse, the impact parameter is seen from the Sun's centre). 
Obtained lightcurves
Astrometrical results obtained
Simulation of a mutual event
Parameters involved
The lightcurves we could obtain depend on several parameters: photometric parameters (involved in scattering laws), midtime, impact parameter, relative velocity between the two satellites, sizes and shapes of the satellites, and distance from the satellites to the observer (or the Sun's centre). Since most of these parameters were determined by Voyager 1 and 2, we decided to consider them as constants. We considered the photometric parameters as constants because the law we used does not consider that they depend on the phase angle, this dependance being explicitely contained in a polynomial.
Variation of the parameters
To be able to fit the models to the observed lightcurves, we have to allow the relative velocity, the impact parameter and the midtime to change. For that, we consider that the velocity is constant during the phenomenon. We use a reference frame centered on the centre of the further satellite with one axis pointed to the observer (for an occultation) or to the Sun's centre (for an eclipse), another one in the direction of the displacement of the other satellite, a direction that we assumed as constant and known from the ephemerides as made several authors (for example Emelianov et al. 1997) , the impact parameter being the coordinate of the centre of the other satellite on the third axis. We have naturally checked, with the ephemerides, that there was no turning back in the relative trajectory of the satellites we worked on. The mutual event is thus simulated by a fixed satellite and another one moving like a train on a rail, see Fig. 6 . We can change the impact parameter by displacing the "rail", the velocity of the phenomenon and the midtime being easily variable as well. 
Adjustment
The next step is to fit the lightcurve of a theoretical event to the observed lightcurve. For this purpose we used the MarquardtLevenberg algorithm (Marquardt 1963) to make a non-linear least mean squares adjustment. We have a priori three parameters to adjust. Most of authors do not adjust the velocity, which allows a gain in computation time of about 33%, because 2 parameters are adjusted instead of 3. Since these parameters are theoretically decorrelated, the results for the midtime and impact parameter after adjustment should be nearly equal whether the velocity is adjusted or not ("nearly" because a non linear least squares adjustment never gives the best result); see Table 2 .
This table presents the adjustment of an occultation of Mimas by Enceladus on August, 16th 1995 observed at the OHP, whose lightcurve shows a slow phenomenon with a brutal flux drop at the midtime (see the corresponding lightcurve in Fig. A.1 ). The CCD images let us infer that the measures were greatly disturbed by Saturn's halo, which explain the strange lightcurve. A velocity adjustment (first line) fits the model to the halo whereas an adjustment in which only the midtime and impact parameter are adjusted results in the flux drop at the midtime. Moreover, the differences between the impact parameters and midtimes show that the noise could correlate the parameters between them. Even a rather approximative dynamical theory would give good precision on the velocity because the mean motion is easy to determine because of the observations gathered over more than a century. This is why we decided not to adjust the velocity. The results then will be more accurate for the midtime and impact parameter. Figure A .1 shows more lightcurves where the observed phenomenon seems to be slower than predicted by the theory. This could be due to Saturn's halo (more particularly, when the phenomenon involves Mimas or Enceladus) or to mist.
Results
Midtime and impact parameter
We give now the results given by the adjustment. The initial conditions of the adjustment are mostly these given by the ephemerides. Sometimes we were not satisfied by the results given by the adjustment, this lead us to give other initial conditions, which we graphically determined and considered as a first approximation of the result.
We have previously performed a few reductions without taking account of the Sun's limb darkening. For most of the eclipses, we did not see any significant difference in the midtime and only 2 or 3 kilometers difference in the impact parameter, what is less than 0.5 mas. But, in some rare cases, the difference may be bigger and reach 30 km (5 mas) (taking account of the difference in the midtime and in the impact parameter). The difference is not significant, for example, when the eclipse is total. In such a case, the second satellite is in the umbra, where the Sun's limb darkening has no effect. But if the second satellite only crosses a small part of the penumbra, the Sun's limb darkening has influence on the light flux drop and changes significantly the result for the impact parameter. We finally took this effect into account.
The given standard deviations σ are to be considered very carefully because they only come from the adjustment; they do not take the error bars on measurements into account since they were not available. This leads to underestimated values. For instance, the eclipse of Enceladus by Tethys on July 22nd is observed with 44 s difference between Catania and the OHP whereas the σs are about a few seconds. Another example is the occultation of Enceladus by Mimas on August 16th where the midtime observed in Itajubá seems to happen one minute later than elsewhere. But this last event was hard to observe because of Saturn's halo. We notice too that some σs on the impact parameter are very high. This is the case when the impact parameter is near 0. The adjustment algorithm tries to find an impact parameter lower than 0, which is impossible. Consequently, the σ is evaluated with a gradient near the null vector, corresponding to a null impact parameter.
Results in coordinates
We hereafter present our results in the J2000 system similar to that given by Vienne et al. (2001a) and to the Strugnell-Taylor catalogue (1990) . They are also available in electronic form on the NSDC database dedicated to the natural satellites 1 . We have split the results into 3 tables, from 4 to 6, Table 4 presenting the results in which we have very good confidence, Table 5 the other results in which we are confident, and Table 6 the results from the other lightcurves; we give these results as information, but we advise against using them. The split into these 3 tables has been made visually, more precisely when comparing the adjusted lightcurve with the data given by the observer. We prefered use the visual test rather than using the σ because the σs do not really represent a confidence interval in our case. Our visual test may be linked to the χ 2 quantity (estimating the differences between the computed relative fluxes and the observed ones) because we have good confidence when the adjusted lightcurve is very near the measures, but it was not our only criterion, because we for example visually checked whether all the points were on both sides of the adjusted curve. Nevertheless, we find a link between χ 2 and our classification because we have an average χ 2 of 1.7 × 10 −3 for the first group, 9 × 10 −3 for the second one and 2.2 × 10 −2 for the last one.
After splitting the results in those three groups, we decided to give for each lightcurve a date and two coordinates: ∆α cos δ and ∆δ, whereas the lightcurve gives us only one: the impact parameter, which is also an angular separation. In fact, we find a second piece of information in the lightcurve: the midtime. When giving only this time and the angular separation, we do not use the fact that this time is not an arbitrary one.
For this purpose, we used the theoretical position angle at the theoretical midtime in order to give ∆α cos δ and ∆δ. Actually, at the midtime, the line linking the centres of the 2 satellites is perpendicular to the relative trajectory. We assume that the direction of the relative velocity is known, which means that we consider as known the position angle at the midtime. In this way, the residuals on the position angle come from the residuals on the midtime.
The given parameters are: year, month, decimal day (UTC), observatory IAU code, satellites involved (for instance, "43" means "Dione and Tethys" and that the given coordinates are Dione's coordinates centered on Tethys' centre), the two differential coordinates ∆α cos δ and ∆δ in arcsec, the reference frame (1: geocentric, 2: heliocentric) and the residuals (in arcsec). "cer" means CERGA (Grasse, France), "alm" Almaty, "ass" Assy (both in the Kazakhstan) and "che" Chelmsford (UK).
The second point to notice is that there are 60 lines, whereas there are 65 lightcurves in the campaign. The reason is that the CERGA made 8 lightcurves during 3 observations at different wavelengthes. Since these lightcurves are not really independant, we prefered to give 3 results, each one being an analysis of the results issued from the lightcurves measured at the same time.
Discussion
Comparison with Emelianov's results
Three events observed in Kazakhstan and in Crimea have already been reduced by Emelianov et al. (1997) . Their method was different as they considered the satellites as disks and added to the flux a first-degree polynomial as an empirical law aimed at modeling some effects, such as Saturn's noise or atmospherical effects. The coefficients of this polynomial were adjusted to the observations. Table 7 helps us to compare our results to Emelianov's. The first one concerns an observation made in Crimea, the second one in Assy and the third one in Almaty (Kazakhstan). The two first observations present results in topocentric coordinates J2000, whereas the third one presents heliocentric coordinates. Our results are from the data presented in Tables 4 and 5 on another date; we considered that the first satellite had a linear and uniform relative trajectory between the two dates. Emelianov's first result is in good agreement with ours, but not the others. We considered the impact parameter as a distance between the centre of the second satellite and the "track" on which the first one is running, but this is only a distance, the "track" could be above or below the second satellite. We made the choice that gave lower residuals using TASS1.6, but since Emelianov et al. used another theory (Harper & Taylor 1993) , their choice may be different. We prefered to use TASS because this theory is considered by some observers as the most accurate (for instance Shen et al. 2001) . To make another choice, one just has to change the signs of the coordinates in Tables 4 to 6 because we give results at the observed midtime (in Table 7 , it is not easy because the time given is not our observed midtime and because, for the 2nd event, we have to change the frame (heliocentric to topocentric)). There is another point to notice about the observation concerning the double mutual event: at the same time an eclipse and an occultation of Enceladus by Tethys took place on the 14th of September. The measured lightcurve seems to show two light minima (we are not sure because of the noise) whereas our fitted model shows only one (as does Emelianov's too). More precisely, the adjustment let us infer that only the eclipse appears, without any occultation. That is why we put this event in Table 5 instead of Table 4 , whereas the adjusted model is very near from observed lightcurve. If the two events were really observed, it could be interesting to try to extract astrometric information from this lightcurve, for instance by modeling the phenomena using elliptical elements.
Comparison with Aksnes' method
14 astrometric results of Saturnian mutual events in 1980 were published by Aksnes et al. (1984) using a method that could be used with the informatic equipment available at that time (see Aksnes 1974 and Aksnes & Franklin 1976 for further details). Their method does not take some effects, such as the light scattering, into account. Since this method has already been used to obtain results that are used in analytical theories of motion of Saturnian satellites (for instance TASS1.6) and that are stored in the Strugnell-Taylor catalogue, we considered it useful to check the astrometric differences between our reduction method and theirs. For this purpose, we have reduced the mutual events observed by Soma & Nakamura (1982) . Aksnes 
Soma's events
In 1980, Soma and Nakamura observed at Dodaira Station (Tokyo Astronomical Observatory) 5 mutual events of Saturnian satellites. They obtained lightcurves for 4 of them, more precisely 9 lightcurves because they made measurements at different wavelengthes (U, B, V and R). We reduced these lightcurves using our method and TASS1.6, see Table 8 for impact parameters and midtimes, and Tables 4 to 6 for the coordinates, separated from the coordinates of PHESAT95 events. 3 of the 14 of Aksnes' results come from these observations. We would classify the coordinates related to the events of the 15th of March and of the 23rd of April in the first group (very good observations), those of 20th of February in the second group, and the last one (22nd of February) in the last group. We notice that Aksnes et al. did not give any coordinates for this last one. We have now to compare our coordinates with Aksnes' ones, see Table 9 .
We give in Table 9 one pair of coordinates for each lightcurve because we do not know how Aksnes used the fact that there were sometimes more than one lightcurve for the same observation. We encountered the same problem as when we compared our results with Emelianov's ones: we had to choose for the angle a value between two possibilities, different by 180
• , and the choice was not always the same for our results and those we had to compare. This was the case for the first and the third event. When changing our choice, we found a few mas difference to Aksnes' coordinates. For the second event, Aksnes gave two possibilities, only one being kept in the Strugnell-Taylor catalogue. This possibility is in good agreement with our pair of coordinates.
Reduction of PHESAT95 with Aksnes' method
Since we had here only three observations to compare our results to Aksnes' ones, we considered this datas could not give significant results. Thus, we decided to reduce the PHESAT95 observations giving "good" results with Aksnes' method, using TASS1.6. For this comparison, we used respectively 196.2, 250, 525, 560, 765 and 2575 km for the radii (Aksnes' values in 1984) and 0.77, 1.04, 0.8, 0.55, 0.65 and 0.214 for the geometrical albedos (from Buratti & Veverka 1984 for S-1 to S-5 and from Neff et al. 1984 at 0.55 µm for Titan). The results are listed in Table 10 . Table 10 . Astrometric reduction of the best lightcurves with Aksnes' method. For each event, the first line indicates the date, the type of event (e for eclipse and o for occultation), sometimes the observatory when it is ambiguous (C for Charlottesville or Chelmsford, E for ESO, B for Bordeaux and G for CERGA), the impact parameter, the coordinates and residuals with our method, and the other line the astrometric reduction of the same lightcurves with the method used by Aksnes et al. for reducing the 1980s events. The coordinates are given at the same date as in Table 4 , in a heliocentric frame for the eclipses and in a geocentric one for the occultations. In Table 10 , we see first that the coordinates are similar, but there is sometimes a more important difference in coordinate ∆δ, that could be linked to a difference in the impact parameter, since the orbits of Saturnian satellites are in a weak inclination to the ecliptic plane. The few events involved are all eclipses. When modeling an eclipse, Aksnes & Franklin (1976) considered that if the centre of the eclipsed satellite was in the penumbra zone, the whole part of the satellite included in the penumbra received the same solar light flux as its centre, which could cause an error in the light flux drop for example if the penumbra zone was not large. This induced a strong variation of the solar flux in this area. The approximation was at that time necessary because of the compute equipment available, and because Aksnes et al. wanted to take into account the solar limb darkening. An error in the light flux drop implies an error in the impact parameter, that explains the differences. In Table 9 we did not find such a difference. Unfortunately, we do not have all lightcurves from the 1980 campaign (cf. Sect. 4.2). Since we know that Aksnes et al. did not publish coordinates for each lightcurve (for instance, no coordinate has been published for the eclipse of Titan by Tethys observed on February 22nd, 1980 at Dodaira Station), we can infer that they did not publish coordinates for the eclipses where their method seemed to give "unreliable" results.
We notice that there is no big difference in coordinate ∆α cos δ except for the cases where the difference in impact parameter is high. That means that the error in the midtime is small, that confirms Aksnes et al. (1986) when they wrote that there was no use recomputing their reduction of lightcurves of the 1980 campaign for Saturnian satellites, and that it would be enough to take account of the phase effect and the light scattering in the future. This effect would be less for Uranian satellites.
Conclusion
This paper presents astrometric results and discusses our reduction method. The residuals let us infer that our accuracy is of the order of 20-30 mas, whereas it is about 80 mas for CCD observations and more than 100 mas for photographic observations (Vienne 2001b ). The differences in the impact parameter of lightcurves of the same observations at different wavelengthes (made at the CERGA) show that we have to improve our knowledge of the photometric parameters for instance when checking differences in reduction by different scattering laws, as made Vasundhara (1994) for mutual events of Galilean satellites. This requires one to make a photometric study of the Saturnian satellites, so as to have a good idea of Minnaert's and Hapke's parameters at low phase angle. 13 20.135 20.14 20.145 20.15 20.155 20.16 20.165 20.17 20.175 20.18 20.185 3e1,ESO,11/24 2e5,Almaty,11/25 3e1,Catania,11/27 Soma's events (1980) .
